Introduction
Radial Basis Functions are used when we are looking to approximate a function that (a) depends on many variables, (b) we have many observations, and (c) those observations are scattered.
The resulting approximation will be globally smooth and will fit each observation. It is different from 'nearest neighbour' methods which choose a set of close observations and then interpolate between them.
In this short paper we detail the underlying process for using radial basis functions, show a simple example, and then show an application of the method to simplify the estimation of the volatility of interest rate swaps when the supplied data may be sparse.
Description
Conceptually this mechanism is very simple. We define our approximation to be:
Here we use our n observations of the function ( ) to generate an approximation ( ). The basis function has a single parameter, the distance (Euclidean norm) of the observation from the required point. The weights are the parameters of the approximation; their derivation is described below.
To determine the weights that we apply to these functions we have the following set of n equations:
This can be re-written as:
Here is the matrix with elements (‖ ‖), and is the vector with elements . Therefore:
There are various choices for the basis function; however there are constraints on them so that we guarantee a solution (i.e. and invertible matrix. Two popular choices are:
Examples
As a quick example to show the power of this method; consider approximating the function y=3x 1 +2x 2 in [0≤ x 1 ≤1, 0≤ x 2 ≤1] with the corners of the domain as the sample points. If we use the multi-quadric basis with c=5, we find the weights to be 12.87, 2.67, -2.43, and -12.62.
Below is a diagram which shows the difference between the interpolated value and the actual required value. You can see that the error is small, it fits the sample points exactly; and that, using this type of basis function, the resulting interpolation is slightly concave as opposed to the linear function being fitted.
Application to swap option volatility
Options on interest rate swap are generally priced using an implied volatility. This is taken from a three dimensional surface; the axes are the term of the option, the term and the rate of the underlying interest rate swap.
There are many approaches to interpolating on the surface to determining the volatility of an option that is not on a sample point; however most of them require a full grid of points.
We propose two alternatives using radial basis functions.
The first proposal is to fit all of the data with a globally smooth function. The approach described above can be used for this however, as there are many sample points, an iterative algorithm (such as the BFGP algorithm which Buhmann describes) is usually used to determine the weights rather than directly inverting the matrix.
The second proposal is to find eight points; one in each direction (i.e. up, left, forward; up, right, forward; etc.) . The simple radial basis function approach can be used to determine the rate for these. This approach is compelling because, in a fully populated grid this will be the cube surrounding the point to be estimated, and so is very similar to the standard, multi-linear interpolation approach.
Further Reading
Buhmann, Martin D. (2003) Radial Basis Functions: Theory and Implementations. Cambridge University Press
